Abstract
It is generally accepted that, as a consequence of the uniÕersality hypothesis of critical phenomena of all systems with equal Goldstone bosons, the same critical exponents should be obtainable from renor-Ž . malization group studies of O n -symmetric nonlinear s-models in D s 2 q e dimensions at e s 1, if the second-order character of the transition is not destroyed by fluctuations. These conditions restrict Ž . the comparison to n ) 2. For n s 1 Ising case , Ž there are no Goldstone bosons, and for n s 2 XY-. model , the transition is of infinite order, for which the divergence of the correlation length with temper-0375-9601r00r$ -see front matter q 2000 Published by Elsevier Science B.V. All rights reserved.
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shown by Kosterlitz and Thouless. Unfortunately, the e-expansions of the nonlinear s-models have, up to now, remained rather useless for any practical calculation, due to their non-Borel w x character 15 . This has led some authors to doubt the use of such expansions around the lower critical w x dimension altogether 16 . Basis of these doubts is the increasing relevance of ignored higher powers of w x the derivative term in the calculations 17 . Such a situation would be quite unfortunate, since it would jeopardize other interesting theories which depend on similar relationships, such as Anderson's theory w x of localization 18 .
Fortunately, the counter-arguments are not completely convincing since they involve an interchange of limits in the analytic continuation in e and the w x increase of the number of derivatives 19 , so that hope remains. The purpose of this note is to confirm this hope and to lend further support to the intimate relationship of e-and´-expansions. This is done by determining from a combination of the two expansions an accurate critical exponent n for the classical Heisenberg model for all dimensions 2 F D F 4.
2.
So far, the e-expansions of n y1 and the anomalous dimension h have been calculated up to the 4 n y 2 n y 2 2 n y 2 Ž . Ž .
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Ž .
The singularity at n s 2 reflects the above-discussed restriction of the upcoming considerations to n ) 2. When evaluated at e s 1, the first series yields for Its value at e s 1 is n y1 f 1.252, corresponding to n f 0.799, which is still considerably larger than the accurate value 0.705. The other Pade-Borel approximants are singular and thus of no use. See Fig. 1 for plots of the integrands.
A direct evaluation of the series for the other critical exponent, the anomalous dimension h, yields Ž . the successive values 2,y 2, 4,y 5 , which are completely useless. Here the nonsingular Borel-Padé w x w x w x approximations 2,1 , 1,2 , and 1,1 yield 0.147, 0.150, and 0.139, rather than the correct value 0.032.
3.
The remedy for these problems comes from a w x combination of the theory developed in Refs. 7-10 w x with a procedure developed in Ref. 11 . The theory allows us to extract the strong-coupling properties of a f 4 -theory from perturbation expansions. In particular, it renders the power behavior of the renormalization constants for large bare couplings g , and 0 from this all critical exponents of the system. By using the known expansion coefficients of the renormalization constants in three dimensions up to six loops, we were able to derive extremely accurate values for the critical exponents. The method is a w x systematic extension to arbitrary orders 24 of the Feynman-Kleinert variational approximation to path w x 1 integrals 25 . For an anharmonic oscillator, this w x so-called Õariational perturbation theory 28 yields 1 A similar approach has been pursued independently by Refs. expansions which converge uniformly in the coupling strength and exponentially fast, like
in the order N of the approxiw x mation, as was observed in 29,30,28 and proved in w x 2 31 . The extension to field theory was achieved in w x Refs. 7,8 , and showed to same type of convergence, but with the fractional power 1r3 replaced by the irrational power 1 y v, where v is the critical exponent governing the approach to scaling.
This theory is combined with the procedure of w x Ref. 11 which allows us to interpolate variationally functions for which we know strong-and weak-coupling expansions. The resummation to be performed will be based on rewriting the above e-expansions in such a way that they may be considered as strongcoupling expansion of functions, whose weak-coupling expansions are provided by power series expansion in powers of´s 4 y D, which are known from f 4 -theory in D s 4 y´dimensions. In this way we shall be able to derive accurate critical y1 Ž . exponents n from the non-Borel expansion 1 .
4.
Let us briefly recall the interpolation procedure w x 11 by which a divergent weak-coupling expansion 2 A convergence proof for the anharmonic oscillator which is w x w x completely equivalent to our results in 31 was given by 32 . Predecessors of these works which failed to explain the exponentially fast convergence in the strong-coupling limit observed in w x w x Ref. 30 are Refs. 33-37 . in some variable g of the type
can be combined with a strong-coupling expansion of the type
w x Previously treated examples 11 were the anharmonic oscillator with parameters p s 1r3, q s 3 for the energy eigenvalues, and the Frohlich polaron with p s 1, q s 1 for the ground-state energy and p s 4, q s 1 for the mass. As described in detail in w x 28 , the first step is to rewrite the weak-coupling expansion with the help of an auxiliary scale parameter k as
where k is eventually set equal to 1. We shall see below that the quotient prq parametrizes the leading power behaÕior in g of the strong-coupling 0 expansion, whereas 2rq characterizes the approach to the leading power behavior. In a second step we replace k by the identical expression
containing a dummy scaling parameter K. 
It is easy to take this approximation to the strong-coupling limit g ™`. For this we observe 0 Ž . that 8 has the scaling form
For dimensional reasons, the optimal K increases N with g like K f g 1r q c , so that g s c yq and 
Here c plays the role of the variational parameter Ž . g s g q g q g q . . . ,
where g s c yq , and finding the optimal extremum 0 N Ž . or turning point in the resulting polynomials of g ,g , . . . . In this way we obtain a systematic 1 2 strong-coupling coupling expansion in powers of g rk q y2r q . This is done as follows: We first Ž . by the equations listed in Table 1 . w x It was demonstrated in 11 how one can now find a variational perturbation series for functions for which one knows N weak-coupling and M strongcoupling expansion coefficients. We must merely extend the set of of coefficients a , . . . ,a by M 
5.
This interpolation procedure will now be ap-Ž . plied to the perturbation expansion 1 in 2 q e dimensions, considering it as the strong-coupling ( ) Table 1 Ž . Ž . Ž . 
Ž .
Extending these series by four more terms a´6 q 6 a´7 q a´8 q a´9, we calculate the strong-cou-˜7 8 9 Ž . Ž . Ž . pling coefficients 13 by extremizing 12 with 15 , Ž . after identifying g with´. The parameters p,q 0 Ž . are equal to y2,2 , as follows directly from a comparison of the strong-coupling powers failure to converge is illustrated graphically in Fig. 9 .
Ž
. Fig. 6 . The four successive approximations n ,n ,n ,n s As discussed above, the relation between the eand´-expansions is expected to be restricted to n ) 2, for physical reasons. It is instructive to see that the variational interpolation method reflects this problem at two places. First, the expansion coefficients in Table 5 shows a large irregularity for n s 1. Second, the successive approximations for n y1 in Fig. 5 display no tendency of convergence with increasing order M of approximation.
Ž . Finally, we plot our highest M s 4 approximations for n s 3, 4, 5 together with the large-n approximations for n s`, 20, 10, 6 in Fig. 10 to see the change of the´-behavior for increasing n, which shows that the latter for n s 6 is still far from the exact curve. This can also be seen in Fig. 3 of Ref. w x Ž w x. 7 see also 8 . 
